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1 Introduction
Weakly Interacting Massive Particles (WIMPs) have been widely regarded as the most
attractive candidate for dark matter (DM) in the Universe. They are weakly coupled to
the Standard Model (SM) particles so that they are thermalized in the early Universe.
Their relic abundance is determined by their annihilation cross sections, and it turns out
that WIMPs may have a correct value of the cross sections to give the observed DM
density ΩDMh
2 = 0.1196± 0.0031 [1]. Moreover, such particles are often predicted in new
physics beyond the SM. For instance, the lightest neutralino in the minimal supersymmetric
Standard Model (MSSM) is a well-know candidate for WIMP DM.
Since WIMPs are interacting with the ordinary matters, it is possible to use these
interactions to detect them directly. Experiments based on such a strategy are called the
DM direct detection experiments. These experiments search for the scattering signals of
WIMPs kicking off target nuclei on the earth by detecting the recoil energy transferred to
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the nuclei. At present, the LUX experiment has the best sensitivity, and provides a limit
on the spin-independent WIMP-nucleon scattering cross section as σSI < 7.6× 10−46 cm2
at a mass of 33 GeV [2]. Further, there exist several proposals with ton-scale detectors,
which will offer extremely improved sensitivities.
To study the properties of WIMPs based on the direct detection experiments, it is
necessary to evaluate the WIMP-nucleus scattering cross sections accurately. The interac-
tions of a WIMP with a nucleon, as well as a nucleus, are generated through the couplings
of the WIMP with quarks and gluons. These couplings are described in terms of the
parton-level interactions, and contribute to the interactions with a nucleon through non-
perturbative QCD effects. An appropriate way to compute the contribution is to take
an effective theoretical approach. Here, the parton-level interactions are expressed by the
higher-dimensional operators, and their contribution to the WIMP-nucleon couplings is
computed by means of their nucleon matrix elements. See refs. [3, 4] for the treatments.
Usually, the parton-level interactions are mediated by heavy particles. Since the
WIMPs are singlet with respect to the SU(3)C⊗U(1)EM symmetry, the particles mediating
the WIMP-quark interactions should be also electrically neutral and color singlet when
they are exchanged in the t-channel, while they should be charged and colored when they
are exchanged in the s- or u-channel. The extent of the significance of these contributions
highly depends on models. For example, in the case of the neutralino DM in the MSSM,
the Z boson and the Higgs boson mediating processes are classified into the former type,
while the squark exchange is the latter one. When squarks are extremely heavy, only the
former contribution is sizable. In the limit of pure gaugino or higgsino case, on the other
hand, the former contribution vanishes and thus the latter may be dominant. Therefore, it
is desirable to construct a formalism to evaluate all of the contributions precisely enough
on an equal footing.
Recently, the LHC experiments give stringent limits on the masses of new colored
particles. The results may suggest that the colored mediators which induce the couplings
of WIMPs with quarks and gluon, if they exist, should have masses much heavier than ∼
100 GeV. In this case, the contribution of such a particle to the WIMP-nucleon interaction
receives sizable QCD corrections because of the mass hierarchy and the large value of the
strong coupling constant. This motivates us to reformulate the calculation in the following
way; first, we obtain the effective theory which consists of the higher dimensional operators
of DM and quarks/gluons at the energy scale of the mediator mass. At this point, we need
to match the effective theory to the full theory so that only the short-distance contribution
is to be included in the Wilson coefficients of the higher-dimensional operators. Then,
we evolve the operators by using the renormalization group equations (RGEs) down to
the scale at which the nucleon matrix elements of the operators are evaluated. It is the
prescription that we will discuss in this paper. We will formulate a complete framework
to carry out the calculation to the leading order in the strong coupling constant. In this
formulation, all of the model dependence is included into the Wilson coefficients of the
effective operators, and the rest part of the steps is independent of models. Therefore,
the method is quite suitable for generic computational codes such as micrOMEGAs [5] or
DarkSUSY [6].
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In addition, we will discuss in detail the treatment for the twist-2 operators and show
that we do not have to evolve the operators down to the hadronic scale (∼ 1 GeV); we may
evaluate their nucleon matrix elements around the electroweak scale. This point is often
misunderstood, and we believe that our analysis clarifies the confusion. Furthermore, we
will show the significance of the renormalization effects on the operators when the masses
of the colored mediators are much heavier than the electroweak scale.
This paper is organized as follows. In section 2, we discuss our formulation in the case
where DM is a Majorana fermion. We present the effective operators for the Majorana
fermion and evaluate the matching conditions on their Wilson coefficients. The RGEs of
the operators are listed there as well. The results for the real scalar and vector boson DM
cases are also given in section 3 and section 4, respectively. Then, in section 5, we study
the renormalization effects by using a particular model. Also, we will discuss the treatment
of the twist-2 operators in the section. Section 6 is devoted to conclusion. In appendix,
we present the formulae for the one-loop contribution to the scalar-type gluon operators in
the case of scalar DM, which as far as we know have not been given in the literature so far.
The result is useful when the colored mediators have masses around the electroweak scale.
2 Formalism: Majorana fermion DM
In this section, we give a formalism to evaluate the scattering cross sections of a WIMP
with a nucleon. The procedure described here consists of the following steps. First, we
construct the effective theory for the WIMP, quarks, and gluons, by integrating out the
mediator particles. The effective interactions obtained here are expressed in terms of
the higher-dimensional operators. Then, we evolve the Wilson coefficients of the effective
operators according to the RGEs down to the scale at which the nucleon matrix elements
of the operators are evaluated. Finally, we express the effective coupling of the WIMP
with a nucleon in terms of the Wilson coefficients and the nucleon matrix elements. The
scattering cross sections are readily obtained from the effective coupling. We will evaluate
them to the leading order in the strong coupling constant throughout this work.
In this section, we assume that the WIMP DM to be a Majorana fermion. The real
scalar boson DM and the real vector boson DM cases are discussed in section 3 and section 4,
respectively. It should be noted that Dirac fermion and complex scalar DM candidates are
severely constrained by the DM direct detection experiments because they in general couple
to the vector current of quark fields. Furthermore, this vector interaction is not renormal-
ized, and thus the conventional way of calculation is sufficient for this contribution [7]. For
these reasons, we do not consider these cases in this paper.
2.1 Effective Lagrangian
To begin with, let us write down the effective interactions of a Majorana fermion, which is
assumed to be a WIMP, with quarks and gluon. The interactions are expressed in terms
of the following higher-dimensional operators [3]:
Leff =
∑
p=q,g
CpSOpS +
∑
i=1,2
∑
p=q,g
CpTiO
p
Ti
+
∑
q
CqAVOqAV , (2.1)
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with
OqS ≡ χ˜0χ˜0mqqq ,
OgS ≡
αs
pi
χ˜0χ˜0GAµνG
Aµν ,
OpT1 ≡
1
M
χ˜0i∂µγνχ˜0Opµν ,
OpT2 ≡
1
M2
χ˜0i∂µi∂νχ˜0Opµν ,
OqAV ≡ χ˜0γµγ5χ˜0qγµγ5q . (2.2)
Here, we only keep the operators that remain sizable in the non-relativistic limit. In
addition, we have used the classical equations of motion and the integration by parts to
drop the redundant operators [8, 9]. χ˜0, q, and GAµν denote the Majorana fermion, quarks
(q = u, d, s, c, b, t), and the field strength tensor of gluon field, respectively; mq are the
masses of quarks; M is the mass of the WIMP; αs ≡ g2s/(4pi) is the strong coupling
constant, Oqµν and Ogµν are the twist-2 operators of quarks and gluon, respectively, which
are defined by1
Oqµν ≡
1
2
qi
(
Dµγν +Dνγµ −
1
2
gµν /D
)
q ,
Ogµν ≡ GAρµ GAνρ −
1
4
gµνG
A
ρσG
Aρσ , (2.3)
with Dµ the covariant derivatives. The effective operators are defined at the mass scale
of mediators, which is assumed to be well above the mass of top quark. Generalization to
other cases is straightforward; for instance, if such heavy particles have masses similar to
or lighter than the top mass, one should integrate top quark as well so that the effective
theoretical approach is appropriate.2
Note that we include αs/pi to the definition of the gluon scalar-type operator OgS . We
discuss the meaning in the next subsection.
2.2 Nucleon matrix elements
As discussed in Introduction, we need the nucleon matrix elements of the effective operators
to evaluate the WIMP-nucleon effective coupling. These operators are classified into three
types in terms of the Lorentz transformation properties of the quark bilinear parts in the
operators; the scalar-type operators (OqS , OgS), the axial-vector operator (OqAV ), and the
twist-2-type operators (OqTi , O
g
Ti
). Since these operators do not mix with each other under
the renormalization group (RG) flow, we are allowed to consider them separately.
As for the scalar-type quark operators OqS , we use the results from the lattice QCD
simulations. The expectation values of the scalar bilinear operators of light quarks between
1Notice that we have changed the definition of Ogµν by a factor of −1 from those in refs. [3, 4]. We follow
the convention used in ref. [10].
2In ref. [11], such a situation is discussed where the exchanged particle has a similar mass to the b-quark
mass. In this case, of course, b-quark (also top quark) should be simultaneously integrated out when the
effective theory is formulated.
– 4 –
J
H
E
P
0
5
(
2
0
1
5
)
0
3
7
Proton Neutron
f
(p)
Tu
0.019(5) f
(n)
Tu
0.013(3)
f
(p)
Td
0.027(6) f
(n)
Td
0.040(9)
f
(p)
Ts
0.009(22) f
(n)
Ts
0.009(22)
Table 1. Mass fractions. These values are based on the lattice QCD simulations [13, 14].
the nucleon states at rest, |N〉 (N = p, n), are parametrized as
f
(N)
Tq
≡ 〈N |mq q¯q|N〉/mN , (2.4)
which are called the mass fractions. These values are shown in table 1. Here, mN is the
nucleon mass. They are taken from ref. [12], in which the mass fractions are computed by
using the results from refs. [13, 14].
The nucleon matrix element of OgS is, on the other hand, evaluated with the trace
anomaly of the energy-momentum tensor [15]. For Nf = 3 quark flavors, the trace of the
energy-momentum tensor in QCD is given as
Θµµ = −
9
8
αs
pi
GAµνG
Aµν +
∑
q=u,d,s
mqqq , (2.5)
up to the leading order in αs. The relation beyond the leading order in αs is also readily
obtained from the trace-anomaly formula. By evaluating the operator (2.5) in the nucleon
states |N〉, from 〈N |Θµµ|N〉 = mN we then obtain
〈N |αs
pi
GAµνG
Aµν |N〉 = −8
9
mNf
(N)
TG
, (2.6)
with f
(N)
TG
≡ 1−∑q=u,d,s f (N)Tq . Notice that the r.h.s. of eq. (2.6) is the order of the typical
hadronic scale, O(mN ). That is, although we include a factor of αs/pi in the definition of
OgS , its nucleon matrix element is not suppressed by αs/pi. This is the reason why we have
defined OgS to contain αs/pi.
Next, we discuss the nucleon matrix elements of the twist-2 operators. They are given
by the second moments of the parton distribution functions (PDFs):
〈N(p)|Oqµν |N(p)〉 =
1
mN
(
pµpν − 1
4
m2Ngµν
)
(q(2;µ) + q¯(2;µ)) , (2.7)
〈N(p)|Ogµν |N(p)〉 = −
1
mN
(
pµpν − 1
4
m2Ngµν
)
g(2;µ) . (2.8)
with
q(2;µ) =
∫ 1
0
dx x q(x, µ) , (2.9)
q¯(2;µ) =
∫ 1
0
dx x q¯(x, µ) , (2.10)
g(2;µ) =
∫ 1
0
dx x g(x, µ) . (2.11)
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g(2) 0.464(2)
u(2) 0.223(3) u¯(2) 0.036(2)
d(2) 0.118(3) d¯(2) 0.037(3)
s(2) 0.0258(4) s¯(2) 0.0258(4)
c(2) 0.0187(2) c¯(2) 0.0187(2)
b(2) 0.0117(1) b¯(2) 0.0117(1)
Table 2. Second moments of the PDFs of proton evaluated at µ = mZ . We use the CJ12 next-to-
leading order PDFs given by the CTEQ-Jefferson Lab collaboration [16].
Here q(x, µ), q¯(x, µ) and g(x, µ) are the PDFs of quarks, antiquarks and gluon at the
factorization scale µ, respectively. These values are well measured at various energy scales,
contrary to the case of the scalar matrix elements. In table 2, for example, we present the
second moments for proton at the scale of µ = mZ with mZ the Z boson mass. Here, we use
the CJ12 next-to-leading order PDFs given by the CTEQ-Jefferson Lab collaboration [16].
Those for neutron are given with the exchange of up and down quarks. As can be seen,
the second moment for gluon g(2;µ) is of the same order of magnitude as those for quarks.
As a result, the nucleon matrix element of the gluon twist-2 tensor in eq. (2.8) is O(mN ).
This justifies the definition of OgTi , where we have not included a factor of αs/pi in this
case. Our definition for the gluonic operators (OgS , and OgTi) clarifies the order counting
with respect to αs/pi.
Finally, the nucleon matrix elements of the axial vector-type operators are given by
〈N |q¯γµγ5q|N〉 = 2sµ∆qN . (2.12)
with ∆qN called the spin fractions and sµ being the spin of the nucleon. The values of
the spin fractions are taken from ref. [17]; ∆up = 0.77, ∆dp = −0.49, and ∆sp = −0.15
for proton. Those of neutron are to be obtained by exchanging the values of up and
down quarks.
2.3 Wilson coefficients
Next, we evaluate the Wilson coefficients of the effective operators by integrating out
heavy mediator particles. Here, we consider a generic situation in which the interaction
Lagrangian of the Majorana fermion with quarks is given by
Lint = q(aq + bqγ5)χ˜0q˜ + h.c. , (2.13)
where q˜ denotes a heavy, colored scalar particle with its mass represented by Mq˜.
The interaction gives rise to the coupling of the Majorana fermion with quarks via
the tree-level exchange of the colored mediator. By evaluating the diagram, we readily
obtain the Wilson coefficients of the effective operators containing quarks. The matching
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χ˜0 χ˜0
q q
q˜
=
χ˜0 χ˜0
qq
Figure 1. Tree-level matching condition for Majorana fermion-quark effective interactions. Gray
square represents the vertex for the quark effective operators.
procedure is illustrated in figure 1. Here, the gray square represents the vertex for the
WIMP-quark effective operators. As a result, we have
CqS(µF ) =
a2q + b
2
q
8
M
(M2q˜ −M2)2
− a
2
q − b2q
4mq
1
M2q˜ −M2
,
CqT1(µF ) =
a2q + b
2
q
2
M
(M2q˜ −M2)2
,
CqT2(µF ) = 0 ,
CqAV (µF ) =
a2q + b
2
q
4
1
M2q˜ −M2
. (2.14)
Here, µF denotes the factorization scale, which is taken to be the mass scale of exchanged
scalar particles. We have performed the expansion in terms of the quark momenta; i.e.,
this calculation is valid when (p · q)/(M2q˜ −M2)  1 with pµ and qµ being the momenta
of DM and quarks, respectively (See also footnote 2).3
Next, we derive the matching condition for the WIMP-gluon effective operators. At this
point, we need to include only the short-distance contribution to the Wilson coefficients [4,
19]. This is achieved by the matching procedure shown in figure 2. This reads
CgS(µF ) = −
∑
q
M(a2q + b
2
q)
96M2q˜ (M
2
q˜ −M2)
,
CgTi(µF ) = 0 . (2.15)
Here, the summation is taken over all quark flavors. Note that the Wilson coefficient of
the gluon scalar operator is generated at the leading order in αs, i.e., O(α0s), while those
of the gluon twist-2 operators vanish at this order [4]. They are induced at O(αs).
2.4 Renormalization group equations
The effective operators obtained above are evolved by means of RGEs. In this section,
we list the RGEs for the operators which we use in the following analysis. In this paper,
3On the other hand, it turns out that the WIMP-nucleon scattering cross sections are considerably
enhanced when Mq˜ −M < 100 GeV [18].
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=
χ˜0 χ˜0
q˜
g
q
g
q
Figure 2. One-loop matching condition for Majorana fermion-gluon effective interactions. Black
square represents the vertex for the gluon effective operators.
we only use the one-loop RGEs since our main concern is to formulate the procedure for
the leading-order calculation in αs. For the sake of convenience, however, we also mention
some results that may be used for the higher-order calculation.4
The one-loop beta function of the strong gauge coupling constant is given by
µ
dαs
dµ
≡ β(αs) = α
2
s
2pi
(
−11
3
Nc +
2
3
Nf
)
, (2.16)
where Nc = 3 is the number of colors and Nf denotes the number of quark flavors in an
effective theory. Higher-order contribution is found in refs. [22, 23].
Now we give the RGEs for the Wilson coefficients of the above operators. First, we
consider the RGEs for the scalar-type operators (OqS ,OgS). To that end, notice that the
quark mass operator is RG invariant in a mass-independent renormalization scheme like
the MS scheme, i.e.,
µ
d
dµ
mqqq = 0 . (2.17)
Then, by differentiating the trace anomaly formula (2.5), we also find
µ
d
dµ
αs
pi
GAµνG
Aµν = 0 , (2.18)
as eq. (2.5) is an operator equation and thus scale-invariant. Accordingly, the scalar-type
operators are RG invariant at O(αs). This is another reason why we include a factor of αs
in the definition of OgS . Beyond the leading order, the scalar-type gluon operator runs and
mixes with the scalar-type quark operators during the RG flow. The RGEs for the case
are obtained again by using the trace-anomaly formula with the use of the higher-order
4See also refs. [20, 21] for relevant discussion.
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beta function of the gauge coupling constant [22, 23] and anomalous dimensions for quark
masses [24, 25].
Next, we consider the RGEs for the twist-2 operators (OqTi , O
g
Ti
). The one-loop anoma-
lous dimension matrix of the operators is evaluated as [26]
µ
d
dµ
(CqTi , C
g
Ti
) = (CqTi , C
g
Ti
) ΓT , (2.19)
with ΓT a (Nf + 1)× (Nf + 1) matrix:
ΓT =
αs
4pi

16
3 CF 0 · · · 0 43
0 163 CF
...
...
...
. . . 0
...
0 · · · 0 163 CF 43
16
3 CF · · · · · · 163 CF 43Nf

, (2.20)
where CF = 4/3 is the quadratic Casimir invariant. Higher order RGEs are found in
ref. [27].
Finally, the RGE for the axial-vector interaction is readily obtained since at the leading
order the axial-vector current is conserved:
µ
d
dµ
CqAV = 0 . (2.21)
For higher-order corrections, see ref. [28].
2.5 Quark threshold matching
During the RG flow, another matching procedure is required when one goes across a quark
threshold. For instance, around the t-quark mass threshold µt ' mt, the Wilson coefficients
are matched as
CqS(µt)|Nf=5 = CqS(µt)|Nf=6 ,
CgS(µt)|Nf=5 = −
1
12
[
1 +
11
4pi
αs(µt)
]
CtS(µt)|Nf=6 + CgS(µt)|Nf=6 ,
CqTi(µt)|Nf=5 = C
q
Ti
(µt)|Nf=6 ,
CgTi(µt)|Nf=5 = C
g
Ti
(µt)|Nf=6 ,
CqAV (µt)|Nf=5 = CqAV (µt)|Nf=6 , (2.22)
with q = u, d, s, c, b. Notice that although we consider the leading-order calculation, we
include the next-to-leading order constant contribution to CgS here, since the effect is known
to be large [29]. Similar matching should be carried out at the b- and c-quark threshold
scales, if the coefficients are evolved down below them.
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In addition, at the threshold scales, the higher-dimensional operators suppressed by a
power of the corresponding quark masses may also be generated. For example, at a heavy
quark mass threshold mQ, the mQQQ operator gives rise to not only the scalar-type gluon
operator −αs(mQ)GAµνGAµν/(12pi), but also the following dimension-six operators [30, 31]:
− αs(mQ)
60pim2Q
(DνGAνµ)(D
ρGAρµ)−
gsαs(mQ)
720pim2Q
fABCG
A
µνG
BµρGCνρ , (2.23)
with fABC the structure constant of SU(3)C. Among them, those induced at the charm
quark threshold may yield a significant effect. The naive dimensional analysis tells us that
the higher dimensional operator (2.23) might give a correction up to Λ2QCD/m
2
c ' 10% to
the leading term, though the correction may be parametrically suppressed to a few % by
the prefactors of those operators.
At present, there is no way to estimate the contribution of the higher-dimensional
operators more accurately. Thus, it should be considered as a theoretical uncertainty of
the computation. One way to reduce the uncertainty is to use the nucleon matrix elements
evaluated above the charm threshold. As will be discussed in section 5, for the twist-2
operators, it is possible to use the PDFs evaluated above the charm/bottom threshold.
For the scalar-type operators, on the other hand, the present lattice simulations are not
able to precisely evaluate the charm-quark matrix element [32]. Future simulations may
compute it with sufficient accuracy and help to reduce the theoretical uncertainty.
2.6 Scattering cross sections
Finally, we obtain the effective coupling of the Majorana fermion with a nucleon. For the
spin-independent coupling, we have
L(N)SI = fN χ˜0χ˜0NN , (2.24)
where N denotes the nucleon field and
fN/mN =
∑
q=u,d,s
CqS(µhad)f
(N)
Tq
− 8
9
CgS(µhad)f
(N)
TG
+
3
4
Nf∑
q
∑
i=1,2
CqTi(µ)[q(2;µ) + q(2;µ)]−
3
4
∑
i=1,2
CgTi(µ)g(2;µ) , (2.25)
where µhad is the hadron scale usually taken to be around 1 GeV. For the contribution
of the twist-2 operators, the summation runs over the number of the active quark flavors
in the effective theory at the energy scale of µ where their nucleon matrix elements are
evaluated. As will be shown in section 5, the scale µ does not need to be taken at the
hadronic scale; it is allowed to be set around the electroweak scale as long as the PDFs of
the scale are known.
The spin-dependent effective coupling is, on the other hand, given by
L(N)SD = aN χ˜0γµγ5χ˜0Nγµγ5N , (2.26)
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with
aN =
∑
q=u,d,s
CqAV ∆qN . (2.27)
By using the effective couplings, we finally obtain the scattering cross section of the
Majorana fermion with a target nucleus as follows:
σ =
4
pi
(
MMT
M +MT
)2[
|npfp + nnfn|2 + 4J + 1
J
|ap〈sp〉+ an〈sn〉|2
]
, (2.28)
where MT is the mass of the target nucleus; np and nn are the numbers of protons and
neutrons in the nucleus, respectively; J is the total spin of the nucleus, and 〈sN 〉 is the
expectation value of the spin of a nucleon in the target. Here, we calculate WIMP-nucleus
scattering cross sections in the limit of zero momentum transfer, for which each WIMP-
nucleon scattering amplitude adds up coherently [7].
3 Formalism: real scalar boson DM
Next we briefly show the results for the case of real scalar boson DM. We may use a
similar procedure to that given in the previous section to formulate effective theories for
the WIMP.
3.1 Effective Lagrangian
The effective interactions of the real scalar φ with quarks and gluon are expressed by
Leff =
∑
p=q,g
CpSOpS +
∑
p=q,g
CpT2O
p
T2
, (3.1)
with
OqS ≡ φ2mq q¯q ,
OgS ≡
αs
pi
φ2GAµνGAµν ,
OqT2 ≡
1
M2
φi∂µi∂νφOqµν ,
OgT2 ≡
1
M2
φi∂µi∂νφOgµν . (3.2)
Note that there is no spin-dependent interactions in the case of scalar boson DM.
3.2 Wilson coefficients
We next discuss the matching condition for the Wilson coefficients of the above operators
in a theory where the interactions of the scalar boson with quarks are given by
L = ψq(aq + bqγ5)qφ+ h.c. , (3.3)
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Figure 3. Tree-level matching condition for scalar boson-quark effective interactions. Gray square
represents the vertex for the quark effective operators.
where ψq denotes a colored fermion with a mass of Mψq . Then, with the tree-level matching
procedure for the WIMP-quark interactions illustrated in figure 3, we obtain
CqS(µF ) =
a2q + b
2
q
2
2M2ψq −M2
(M2ψq −M2)2
+
a2q − b2q
mq
Mψq
M2ψq −M2
, (3.4)
CqT2(µF ) =
2(a2q + b
2
q)M
2
(M2ψq −M2)2
. (3.5)
Again, the calculation is valid only when the mass difference between the heavy mediator
particle and the real scalar boson is much larger than the energy of external quarks. The
matching condition for the gluon operators is, on the other hand, obtained through the
procedure shown in figure 4. We have
CgS(µF ) =
∑
q
a2q + b
2
q
12(M2ψq −M2)
, (3.6)
CgT2(µF ) = 0 . (3.7)
Further, in appendix, we give a result for the loop-computation of the one-loop diagrams in
the left-hand side in figure 4, since as far as we know there has been no such a calculation
in the literature. The result is useful for the cases where the masses of the colored particles
are not so heavy compared with some of the quark masses.
3.3 Scattering cross sections
We now ready to evaluate the scattering cross section of the real scalar boson with a target
nucleus. The spin-independent coupling of the real scalar boson with a nucleon defined by
L(N)SI = fNφ2NN , (3.8)
is evaluated as
fN/mN =
∑
q=u,d,s
CqS(µhad)f
(N)
Tq
− 8
9
CgS(µhad)f
(N)
TG
+
3
4
Nf∑
q
CqT2(µ)[q(2;µ) + q(2;µ)]−
3
4
CgT2(µ)g(2;µ) . (3.9)
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Figure 4. One-loop matching condition for scalar boson-gluon effective interactions. Black square
represents the vertex for the gluon effective operators.
In the scalar boson case, there is no spin-dependent coupling with a nucleon. By using the
effective coupling, we calculate the scattering cross section of the real scalar boson with a
target nucleus as follows:
σ =
1
pi
(
MT
M +MT
)2
|npfp + nnfn|2 . (3.10)
4 Formalism: real vector boson DM
Finally, we consider real vector boson DM. For previous calculation, see ref. [33] and
references therein.
4.1 Effective Lagrangian
The effective interactions of the real vector boson Bµ with quarks and gluon are written as
Leff =
∑
p=q,g
CpSOpS +
∑
p=q,g
CpT2O
p
T2
+
∑
q
CqAVOqAV , (4.1)
with
OqS ≡ BµBµmq q¯q ,
OgS ≡
αs
pi
BρBρG
AµνGAµν ,
OqT2 ≡
1
M2
Bρi∂µi∂νBρOqµν ,
OgT2 ≡
1
M2
Bρi∂µi∂νBρOgµν ,
OqAV ≡
1
M
µνρσB
µi∂νBρq¯γσγ5q , (4.2)
where µνρσ is the totally antisymmetric tensor with 0123 ≡ +1. Here, the vector boson
field is supposed to satisfy the on-shell condition (+M2)Bµ = 0 and ∂µBµ = 0.
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Figure 5. Tree-level matching condition for vector boson-quark effective interactions. Gray square
represents the vertex for the quark effective operators.
=
Bµ Bµ
g
q
g
q
ψq
ψq
q
Figure 6. One-loop matching condition for vector boson-gluon effective interactions. Black square
represents the vertex for the gluon effective operators.
4.2 Wilson coefficients
Let us evaluate the Wilson coefficients of the above operators in the presence of a fermionic
colored particle ψq coupling to the WIMP and quarks through the interactions:
L = ψq(aqγµ + bqγµγ5)qBµ + h.c. . (4.3)
In this case, figure 5 yields the matching condition for the WIMP-quark effective cou-
plings as
CqS(µF ) = −(a2q + b2q)
M2ψq
2(M2ψq −M2)2
+
a2q − b2q
mq
Mψq
M2ψq −M2
, (4.4)
CqT2(µF ) = −
2(a2q + b
2
q)M
2
(M2ψq −M2)2
, (4.5)
CqAV (µF ) =
i(a2q + b
2
q)M
M2ψq −M2
. (4.6)
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As for the gluon contribution, figure 6 reads
CgS(µF ) =
∑
q
a2q + b
2
q
12(M2ψq −M2)
, (4.7)
CgT2(µF ) = 0 . (4.8)
4.3 Scattering cross sections
By using the results obtained above, we now evaluate the spin-independent WIMP-nucleon
coupling. With the definition
L(N)SI = fNBµBµNN , (4.9)
we have
fN/mN =
∑
q=u,d,s
CqS(µhad)f
(N)
Tq
− 8
9
CgS(µhad)f
(N)
TG
+
3
4
Nf∑
q
CqT2(µ)[q(2;µ) + q(2;µ)]−
3
4
CgT2(µ)g(2;µ) . (4.10)
On the other hand, the spin-dependent effective coupling is given by
L(N)SD =
aN
M
µνρσB
µi∂νBρNγσγ5N , (4.11)
where
aN =
∑
q=u,d,s
CqAV ∆qN . (4.12)
With these effective couplings, we eventually get the scattering cross section of the real
vector boson with a target nucleus as
σ =
1
pi
(
MT
M +MT
)2[
|npfp + nnfn|2 + 8
3
J + 1
J
|ap〈sp〉+ an〈sn〉|2
]
. (4.13)
5 Analysis
Now we apply our formulation to a concrete DM model, and discuss the renormalization
effects on the calculation. Here, we consider a Majorana fermion interacting with only the
third generation right-handed quarks with a unit coupling constant; i.e., aq = bq = 0 for
q = u, d, s, c and aq = bq = 1/2 for q = b, t in eq. (2.13). Since the new colored scalar
particles introduced to the scenario only couple to the third generation quarks, the LHC
constraints on them are less severe compared with those interacting with the first two
generation quarks. This model is a simplified model for a system composed of a neutralino
DM and a pair of right-handed stop and sbottom in the MSSM, though the couplings
between them are different from above assumption.
By using the model, we first discuss the scale at which we evaluate the nucleon matrix
elements of the twist-2 operators. As mentioned in section 2.2, the twist-2 operators are not
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Figure 7. Comparison of twist-2 contributions to WIMP-proton effective coupling calculated with
PDFs obtained at µ = 2 GeV and mZ . Here, we assume the WIMP is a Majorana fermion coupled
with right-handed t- and b-quarks (see text), and we take M = 200 GeV and Mq˜ = 700 GeV. Red
(light-pink) bar denotes the uncertainty coming from the PDF input (perturbation in αs).
mixed with the scalar-type and axial-vector operators so that we may take a scale for the
matrix elements of the twist-2 operators which is different from that of the other ones, and
the matrix elements are obtained in a wide range of energy scales. Thus, it is important
to determine which scale is appropriate for the calculation of the twist-2 contribution. In
figure 7, we compare the twist-2 contributions to the WIMP-proton effective coupling,
fp (twist-2)/mp =
3
4
Nf∑
q
∑
i=1,2
CqTi(µ)[q(2;µ) + q(2;µ)]−
3
4
∑
i=1,2
CgTi(µ)g(2;µ) , (5.1)
evaluated with the PDFs obtained at µ = 2 GeV and mZ . Here, we take M = 200 GeV
and Mq˜ = 700 GeV. The red (light-pink) bar denotes the uncertainty coming from the
PDF input (perturbation in αs). For the estimation of the uncertainty from the PDF
error, we follow the method described in ref. [16] with the χ2 tolerance T taken to be
T = 10. The uncertainty caused by the neglect of the higher-order contribution in αs is
evaluated by varying the input and quark-mass threshold scales by a factor of two, i.e.,
Mq˜/2 ≤ µF ≤ 2Mq˜, mt/2 ≤ µt ≤ 2mt, and so on. It turns out that both calculations
predict similar values for the twist-2 contribution, though the theoretical error in the case
of µ = 2 GeV is a little bit larger than that with µ = mZ . If one sets µ = 1 GeV, we expect
that the error becomes much larger due to the charm-quark threshold effects since in the
low-energy region the strong coupling constant rapidly grows up. In addition, the higher-
dimensional operators suppressed by a power of the quark masses may give significant
contribution if the scale µ is taken to be at a low-energy scale as discussed in section 2.5,
which also contribute to the theoretical uncertainty. For these reasons, we conclude that
it is appropriate to set the PDF scale µ in a high-scale region, not the hadronic scale. In
the following calculation, we take the scale to be µ = mZ .
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(b) Scattering cross section σp
Figure 8. (a) Each contribution to the WIMP-proton effective coupling fp as functions of the
mediator mass Mq˜. DM model adopted here is the same as figure 7. Upper red (lower blue) line
shows the contribution of the scalar-type (twist-2-type) operators. For the twist-2 contribution,
solid and dashed lines show the results with and without the renormalization effects, respectively.
(b) WIMP-proton scattering cross section σp as a function of Mq˜. Solid and dashed lines show the
results with and without the renormalization effects, respectively. In both plots, WIMP mass is set
to be M = 200 GeV.
Next, we show the renormalization effects on the WIMP-nucleon scattering. As dis-
cussed in section 2.4, the twist-2 operators receive the renormalization effects. The effects
are expected to be significant when the input scale µF , i.e., the typical mass scale of colored
mediators, is much higher than the electroweak scale.
In figure 8(a), we show each contribution to the WIMP-proton effective coupling fp as
functions of the mediator mass Mq˜. We set the WIMP mass to be M = 200 GeV. The upper
red (lower blue) line shows the contribution of the scalar-type (twist-2-type) operators. For
the twist-2 contribution, we show both calculations with and without the renormalization
effects in solid and dashed lines, respectively. By using the effective coupling, we then
evaluate the WIMP-proton scattering cross section σp. We plot it as a function of Mq˜ in
figure 8(b). Here again the WIMP mass is set to be M = 200 GeV. The solid and dashed
lines show the results with and without the renormalization effects, respectively. We find
that the renormalization effects change the resultant value for the twist-2 contribution by
more than 50% when Mq˜ & 500 GeV. In this case, the scattering cross sections are modified
by more than 20%. The results indicate that it is important to include the RGE effects,
especially when the colored mediators are much heavier than the electroweak scale.
6 Conclusion and discussion
So far we have discussed a way of evaluating the WIMP-nucleon scattering cross section at
the leading order in αs based on the effective theoretical approach. We have considered a
Majorana fermion, real scalar and vector bosons, and presented formulation for each case.
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Further, using a particular example with a Majorana fermion, we have shown that the
renormalization effects may change the twist-2 contribution by more than 50% when the
colored mediators are much heavier than the electroweak scale, which results in modification
to the WIMP-nucleon scattering cross section by O(10)%.
As shown in figure 7, the calculation of the twist-2 contribution suffers from O(10)%
uncertainty due to the perturbation in αs. It is possible to reduce the uncertainty by
going beyond the leading-order calculation. In fact, we have already had the higher-order
results for the RGEs and the matching conditions at each quark threshold, as commented
in section 2.4. To complete the next-to-leading order computation, however, we further
need the higher-order matching conditions between the full and effective theories at the
input scale. We defer the calculation as future work. In addition, we expect that future
lattice QCD simulations will much improve the determination of the quark content in
nucleon. These two developments will enable us to evaluate the WIMP-nucleon scattering
cross sections with great accuracy.
Finally, we would like to emphasize that the prescription for the computation of the
WIMP-nucleon scattering cross section discussed in this paper is quite systematic, and the
formulation itself is almost model-independent. The model-dependence is included in the
Wilson coefficients at the factorization scale, and the subsequent procedure is similar in
every case. Therefore, this method is suitable to be used in general computational codes
for the direct detection rate of DM, such as micrOMEGAs [5] and DarkSUSY [6].
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A Gluon-loop contribution for real scalar boson DM
In this appendix, we give a result for the calculation of one-loop gluon contribution in the
case of real scalar boson DM, with quark masses kept non-vanishing. Similar results have
been already obtained for the cases of Majorana fermion and real vector boson in refs. [4]
and [33], respectively.
We assume that the interactions of the real scalar boson with quarks and the corre-
sponding colored heavy fermions are described in terms of the Lagrangian given in eq. (3.3).
The diagrams we consider here are illustrated in figure 9. By evaluating the diagrams, we
compute the contribution of a heavy quark Q to the coefficient of the gluon scalar-type
operator CgS as
CgS |Q =
1
4
∑
i=a,b,c
[
(a2Q + b
2
Q)f
(i)
+ (M ;mQ,mψQ) + (a
2
Q − b2Q)f (i)− (M ;mQ,mψQ)
]
, (A.1)
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Figure 9. One-loop contribution to the WIMP-gluon coupling.
where f
(i)
+ and f
(i)
− (i = a, b, c) correspond to the contribution of the diagram (i) in figure 9.
They are given as follows:
f
(a)
+ (M ;m1,m2) ≡ −
m21m
4
2(M
2 +m21 −m22)
∆2
L
− (−M
2 +m21 + 2m
2
2)∆ + 6m
2
1m
2
2(M
2 −m21 +m22)
6∆2
, (A.2)
f
(a)
− (M ;m1,m2) ≡
m1m
3
2{∆ +m21(M2 −m21 +m22)}
∆2
L
− m2{(−2M
2 +m21 + 2m
2
2)∆− 6m21m22(M2 +m21 −m22)}
6m1∆2
, (A.3)
f
(b)
+ (M ;m1,m2) ≡ f (a)+ (M ;m2,m1) , (A.4)
f
(b)
− (M ;m1,m2) ≡ f (a)− (M ;m2,m1) , (A.5)
f
(c)
+ (M ;m1,m2) ≡
−M2 +m21 +m22
2∆
− m
2
1m
2
2
∆
L , (A.6)
f
(c)
− (M ;m1,m2) ≡
2m1m2
∆
− m1m2(−M
2 +m21 +m
2
2)
∆
L , (A.7)
with
∆(M ;m1,m2) ≡M4 − 2M2(m21 +m22) + (m22 −m21)2 , (A.8)
L(M ;m1,m2) ≡

1√|∆| ln
(
m21 +m
2
2 −M2 +
√|∆|
m21 +m
2
2 −M2 −
√|∆|
)
(∆ > 0)
2√|∆| arctan
( √|∆|
m21 +m
2
2 −M2
)
(∆ < 0)
. (A.9)
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In particular, if m1 M,m2, the above functions are approximated by
f
(a)
+ ' −
2m22 −M2
6(m22 −M2)2
,
f
(a)
− ' −
m2
3m1(m22 −M2)
,
f
(b)
+ ' −
1
6(m22 −M2)
,
f
(b)
− ' 0 ,
f
(c)
+ '
1
2(m22 −M2)
,
f
(c)
− ' 0 . (A.10)
By using the expressions and the tree-level result in eq. (3.4), one readily obtains the
matching condition (3.7).
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